We derive the fundamental limits of energy harvesting from the outgoing thermal radiation from the ambient to the outer space. The derivations are based on a duality relation between thermal engines that harvest solar radiation and those that harvest outgoing thermal radiation. We also derive the ultimate limit for harvesting outgoing thermal radiation, analogous to the Landsberg limit for solar energy harvesting, and show that the ultimate limit far exceeds what was previously thought to be possible.
INTRODUCTION
Heat transfer across any temperature difference can be used to harvest renewable energy. The temperature difference from the sun to the earth is familiar to us, providing energy to sustain biochemical processes on earth as well as the ambient temperature around 300 K. A significant fraction of the literature on renewable energy harvesting has focused on the temperature difference from the sun to the earth, whereby a cell placed on the earth converts a part of the net incoming radiation into electricity.
On the other hand, since the earth maintains its temperature, it must radiate out almost all the heat it receives from the sun. Since the sun occupies a very small view factor when looking from the earth, most of the radiation from the earth goes to the cold outer space. This provides us a second temperature difference, i.e., from the earth to the outer space, to harvest renewable energy. Since the earth is the hotter side in this case, a cell placed on the earth converts a part of the net outgoing radiation into electricity. While the thermodynamic limits of energy harvesting from solar radiation are very well known, much less is known about the potential for energy harvesting from this latter temperature difference.
In this paper, we provide a discussion of the thermodynamic limits of energy harvesting from outgoing thermal radiation. We show that there is a duality relation between setups to harvest incoming and outgoing radiation. Consequently, for every limit in the incoming radiation case, there is a corresponding limit for outgoing radiation. Further, we derive the ultimate limit of energy harvesting from outgoing radiation in a fashion analogous to the Landsberg limit for solar radiation. We show that the ultimate limit far exceeds what was considered to be possible for outgoing radiation. Therefore, we highlight the significant technological potential for harvesting renewable energy from the temperature difference between the earth and the cold outer space. This paper is organized as follows. In Section 2, we discuss the Shockley-Queisser limit, a well-known limit for solar radiation, and derive its analogue for outgoing radiation to introduce the duality relation and lay the foundation for the rest of the paper. In Section 3, we discuss the Blackbody limit. In Section 4, we derive the Multicolor limit, obtained by optimizing the Shockley-Queisser and Blackbody limits over several narrowband emitters, and is equivalent to the theoretical limit of the multijunction solar cell. In Section 5, we derive the ultimate theoretical limit for outgoing radiation in a manner analogous to the Landsberg limit, and a physical realization for this limit using optical components that break Lorentz reciprocity. We conclude in Section 6. 
SHOCKLEY-QUEISSER LIMIT
The Shockley-Queisser 1 'ultimate theoretical efficiency' is obtained by considering a cell with a bandgap E G , maintained at temperature T and facing the concentrated sun modeled as a blackbody at T s = 6000 K. The cell is assumed to have emissivity 1 above the bandgap and 0 below. Then, for T = 300 K, the maximum efficiency is obtained to be 40.7% for E G = 1.08 eV. By analogy, a similar limit can be derived for outgoing radiation, discussed in Ref. 2. We briefly rederive this limit to establish the duality relation.
Consider a cell with bandgap E G at temeprature T facing the cold outer space at T o = 3 K. Similar to the Shockley-Queisser limit for the solar case, the cell has bandgap 1 above the bandgap and zero below. The power generated by the cell is given byẆ
where
, V is the chemical potential, is the reduced Planck's constant, c the speed of light in vacuum, k B the Boltzmann constant and q the fundamental charge. With the cell at ambient temperature, i.e., T = 300 K, since the cell emits a net photon flux out to the space, it develops a negative voltage. Then, the ideal bandgap is as close to 0 eV as possible. For E G approaching 0 eV, the maximum power generation equals 54.8 W/m 2 .
BLACKBODY LIMIT
A second limit can be obtained in a manner analogous to the blackbody limit 3 for solar radiation. We briefly discuss the solar case first, shown in Fig. 1(a) . Here, the limiting efficiency of a solar thermophotovoltaic setup can be obtained by considering a blackbody absorber at T c that faces the sun at T s = 6000 K and extracts work using a Carnot engine between itself and the ambient at T a = 300 K. The net heat input to the absorber is σ(T The corresponding maximum efficiency, given by η =Ẇ /σT By analogy, the blackbody limit for outgoing radiation can be obtained from the setup of Fig. 1(b) . Here, an intermediate blackbody emitter at T c converts a part of the heat flux it receives from the ambient at T a = 300 K through the Carnot engine into work, before rejecting the rest to the outer space at T o = 3 K. The net heat flux radiated out by the emitter is σ(T 4 c − T 4 o ). Since the intermediate emitter is at steady state, the power generated by the engine can then be obtained by using the Carnot relation, givinġ
By optimizingẆ as a function of the intermediate temperature T c , the maximum power generation from this setup 4 works out to 48 W/m 2 . Notice the duality between the setups to harvest incoming and outgoing radiation in both the Shockley-Queisser and blackbody setups. In the following sections, we use this duality relation to obtain limits of harvesting outgoing radiation that exceed the values seen thus far.
MULTICOLOR LIMIT
For solar radiation, it is known that efficiencies higher than the Shockley-Queisser limit and the blackbody limit can be obtained by optimizing the power generation for each frequency separately. Following the convention of Ref. 3, we term this limit the multicolor limit For the Shockley-Queisser case, this limit is envisioned as the multijunction solar cell, shown in Fig. 2(a) . Alternatively, the multicolor limit can also be seen as replacing the single blackbody emitter in the blackbody limit by several narrowband emitters, each with its own optimal temperature, shown in Fig. 2(b) . With either method, the maximum efficiency works out to be 86.8%, 3 a value slightly higher than the blackbody limit.
Using the duality relation established in the previous section, we can derive a multicolor limit for outgoing radiation.
2, 5 For the setup analogous to the Shockley-Queisser limit, shown in Fig. 2(c) , the single cell is replaced by a stack of several cells, with their bandgaps acting as frequency filters. By choosing a different optimal voltage V (ω) for the cell with bandgap at ω, the maximum power generated can be obtained aṡ
Alternatively, the intermediate blackbody emitter of Fig. 1(b) can be replaced by several narrowband emitters, shown in Fig. 2(d) by the colored arrows. By choosing a different optimal temperature T (ω) for the emitter at frequency ω, the maximum power obtained iṡ
The setup of Fig. 2(c) can be mapped to that of Fig. 2(d) using the simple transformation qV (ω) ↔ ω(T a /T (ω) − 1) in Eqs. (3)-(4). In either case, the maximum power works out to be 55 W/m 2 , a value slightly higher than the Shockley-Queisser limit for outgoing radiation.
LANDSBERG LIMIT
For solar radiation, it is known that the ultimate limit of energy harvesting exceeds 86.8%. This limit, often called the Landsberg limit, 6 arises from an exergy calculation. Fig. 3 (a) depicts a schematic to derive the Landsberg limit. Consider a hypothetical engine with the sun as the source and the ambient as the sink. This engine receives a net heat input ofĖ in = σ(T a )/3. By the second law, the net entropy must increase in a spontaneous process, thereby requiringṠ out ≥Ṡ in . Since the net entropy outputṠ out is dumped into the ambient, it must be accompanied by a net energy outputĖ out = T aṠout . Then, the power generated by the engine,Ẇ , is given aṡ 
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. . The quantityĖ in − T aṠin , called the exergy of incoming radiation, is the maximum amount of power that can be extracted from an incoming heat flux. The corresponding efficiency,
is the ultimate efficiency possible for a solar energy harvesting.
Using the duality relation discussed in the previous sections, we derive 5 the fundamental upper bound of energy harvesting from outgoing radiation, shown schematically in Fig. 3(b) . Consider a hypothetical engine with the ambient as the heat source and the outer space as the heat sink. The net output heat flux isĖ out = σ(T o )/3. Again, the second law dictates that the net input entropy flux must be smaller than the output entropy flux, i.e.,Ṡ in ≤Ṡ out . Since the engine draws an input heat current from the earth, it is related to the input entropy current asĖ in = T aṠin . Then, the power generated by the engine is given byẆ T aẆ
Figure 3. Schematics to compute maximum power generated in the Landsberg limit for (a) incoming radiation, and (b) outgoing radiation. The solid black and dotted white arrows represent the net energy and entropy fluxes, respectively. The circular disks represent hypothetical engines that can absorb from the heat source and emit to the heat sink, the indicated heat and entropy fluxes. The indicated inequalities are imposed by the second law, which states that the total entropy in a spontaneous process must increase.
(a)
. . . For T a = 300 K and T o = 3 K, this works out to be 153.1 W/m 2 , a value significantly larger than the numbers seen for outgoing radiation thus far. Furthermore, it is seen that the quantity T aṠout −Ė out represents the exergy for outgoing radiation, i.e., the maximum power that can be extracted from an outgoing heat flux.
Ries
7 provided a physical realization to attain the Landsberg limit for solar radiation through the use of optical elements that break Lorentz reciprocity. To emphasize the duality relation, we show Ries' design in Fig.  4(a) . In Fig. 4(b) , we provide a design to attain the ultimate limit of energy harvesting from outgoing radiation. In the setup of Fig. 4(b) , a blackbody emitter radiatively cools to a temperature below the ambient, and a Carnot engine extracts work by operating between the ambient and this emitter. A thermal circulator routes the emission of this emitter to a neighboring blackbody, which then attains a temperature intermediate to the first emitter and the ambient. By repeating this process several times, a sequence of blackbody emitters with increasing temperatures are obtained, with the final blackbody emitter being considerably hotter than the first one. Since heat is transferred only over small temperature gradients, excess entropy production is minimized, resulting in power generation at a high efficiency. We now compute the power generated from this setup in the limit of an infinte number of intermediate blackbody emitters. A blackbody at temperature T has a net heat flux output of σ(T 4 − (T − dT ) 4 ) = 4σT 3 dT . Therefore, the infinitesimal work generated by the corresponding Carnot engine is
By summing over the entire temperature range of the intermediate blackbodies, i.e., from T = T o to T = T a , the total power generated isẆ
which is the same expression as Eq. (8), the exergy for outgoing radiation. Therefore, the setup of Fig. 4 (b) attains the ultimate limit of energy harvesting from outgoing radiation.
CONCLUSION
In this paper, we provide a comprehensive discussion of the theoretical limits of energy harvesting from outgoing radiation. The results are summarized in Table 1 , with the corresponding limits for incoming (solar) radiation shown for comparison. Furthermore, it is seen that the ultimate limit of energy harvesting from outgoing radiation far exceeds what was considered possible thus far, pointing to the significant potential for harvesting outgoing thermal radiation. It is also shown that setups involving nonreciprocal elements can attain the ultimate limit, highlighting the need for the design of nonreciprocal energy harvesting devices. 
